Abstract: This article describes a flexible track system model (FTSM) that represents the track structure for a typical ballasted track, taking into account the flexibility of the rails, the sleeper mass and the resilience of the pad/fastening elements, as well as the ballast support stiffness condition. The detailed track model is integrated into a commercial railway vehicle dynamics software, thus allowing for any vehicle to be simulated onto the flexible track while at the same time taking into account the detailed calculation of the non-linear wheel-rail contact interaction. As an example, the application of the FTSM to the study of hanging sleepers, with respect to the UK Railway Group Standard limits, is presented. This example shows the impact of forces because of hanging sleepers on the vehicle and on the track, and attempts at quantifying the damage made to the track components for the specific conditions simulated.
INTRODUCTION
Multi-body system (MBS) software tools [1, 2] are commonly used to simulate the dynamic behaviour of railway vehicles under various track and service conditions. In order to reduce the number of degrees of freedom of the system and to decrease simulation times, a simplified 'moving' track model is usually used in most commercial codes. These simplified track models are composed of a few spring-damper elements and suspended masses, independently modelled and coupled to every axle of the vehicle. This model representation has been extensively used to simulate long distances of track, and to predict vehicle behaviour and wheel-rail contact forces in the low-frequency domain [3] .
However, with the increase of hardware capabilities and the development of standardized interfaces between MBS and finite element (FE) software, it has become possible to increase the level of detail of the track models used in railway MBS software by including more details of the track components as well as their flexibility. This offers the possibility to include higher-frequency effects into the vehicle-track interaction (VTI) models, which were shown by previous researchers [4] [5] [6] [7] to be significant contributors to the development of certain types of degradation of the track components, e.g. corrugation.
This article first makes reference to existing reviews on VTI modelling, describing the various models used based either on MBS or FE techniques. The main disadvantages of using these two techniques separately are explained. This article then concentrates on the state-of-the-art in commercial MBS software that mostly use by default the 'moving track model', and refers to recent work looking at expanding the track modelling capabilities of this software.
A detailed flexible track system model (FTSM), newly developed in the software VI-Rail (MSC Adams) is then presented. It is used here to model a conventional ballasted track to predict the increase of wheel-rail contact forces due to hanging sleepers, whose gap size and numbers are defined on the basis of the UK Railway Group Standard limits.
MODELLING PRACTICE FOR VTI

Overview of VTI models in the wider context
Extensive reviews of VTI models and their applications are available from references [6] , [8] and [9] . They range from beam on elastic foundation and beam on discrete flexible support with a single moving load to full three-dimensional FE models of the track and its substructure. Vehicle load is included as a moving force or a set of moving forces that represent different axles. They sometimes include harmonic dynamic loading through a spring-mass system representing the primary and/or secondary suspension of the vehicle. The wheel-rail normal contact problem is often approximated as a Hertzian spring. Most FE-based track models have in the past been limited to vertical dynamics because they have a partial representation of the vehicle system and they do not include a detailed wheel-rail contact routine that includes the definition of the creep forces in the contact plane. This is why more recent FE-based models have been used in combination with MBS software to produce more detailed information about the wheel-rail contact condition in the case; for example of a vehicle negotiating a switch and crossing, thus also considering the lateral dynamics, i.e. longitudinal and lateral creep forces [10] .
Review of track models within railway vehicle MBS codes
Conventional 'moving' track models
A representation of a typical 'moving' track model is given in Fig. 1 . Depending on the software used, each track subsystem travels along the track at the same speed as the vehicle and in the same plane as the wheelset it supports. There are usually three individual masses representing the left and right rails as well as the sleeper-ballast combined mass. They can have up to three degrees of freedom to account for the vertical and lateral displacement as well as the roll rotation about the direction of travel. Each degree of freedom is restricted by linear spring dampers. As mentioned before, this system offers the advantage of simplicity and therefore it speeds up the simulation process; however it does not represent:
(a) the rail bending and twisting behaviour; (b) the individual pad and fastening properties; (c) the individual sleepers mass and inertia; (d) the interdependent deformation of adjacent track sections.
Latest development and introduction of 'discrete' flexible track models
Flexible track models taking into account the discrete nature of the track, i.e. taking into account every individual sleeper and rail fixing system as opposed to considering them as an homogenous continuum, have also been developed within MBS commercial software in the past few years [11] . This means that the range of application of typical vehicle MBS tools has been extended to the study of rather more local track geometry aspects and discontinuities, integrating the complete vehicle-track system into one modelling environment. This is the approach that was also taken for the model developed and presented in this article. A typical way of including the flexibility of the track elements is to generate the flexible component in an FE software and translate that element so 
Rail beams
Rails are modelled as beam elements that may be created in two ways.
1. Either using a simplified discrete series of concentrated mass above every sleeper, linked together by and reduced to a set of normal modes and interface modes after linear mode analyses using the Craig-Bampton decomposition method. The rails include vertical and lateral bending modes as well as torsion modes. The boundary interface nodes are generated at the sleeper spacing distance to serve as attachment of the rails to the rest of the track.
In both cases, interface markers are generated for the rails at positions above every sleeper and they are used to monitor the track response. Both models offer satisfying responses for low-to mid-range frequencies as shown in Fig. 3 , showing the receptance graphs measured above sleepers, compared with a Timoshenko beam with discrete support using the modal summation approach [18] . The first two peak responses are identical at around 100 and 410 Hz for the rail bouncing on ballast, respectively, in phase and out of phase with the sleeper. All results presented in this article were generated using the first option above, which has the advantage of being simpler to model and faster to run because it is fully integrated within the MBS software. However because the rail is discretized into lengths equivalent to the sleeper spacing, it is only valid for frequencies up to a few hundred Hz and for predicting the track response above sleepers. The rail behaviour in between sleepers is approximated by the contact routine as explained in section 4 and it is not given as an output. The second option used in other studies that are not presented here is more accurate because it is generated from a discretized rail with 8-12 elements per sleeper spacing. It can therefore accurately represent the rail behaviour up the pinnedpinned frequency, typically from 1100 to 1200 Hz.
Sleepers
Sleepers are considered as rigid masses with three degrees of freedom for the vertical displacement, lateral displacement, and roll rotation.
Pads and fastenings
Force elements are created to attach the rails at each interface node situated above every sleeper. Linear stiffness and damping properties are defined for every individual element to restrain the five degrees of freedom of the rail beam interface nodes: lateral, vertical, roll, pitch, and yaw.
Sleeper to ballast interface
Two force elements are created per sleeper. They are situated underneath each rail. They are based on a linear spring-damper formulation that can also be Fig. 3 Receptance graphs of track model using various rail beams (internal discrete-mass or external FE generated beams) compared with Timoshenko beam on discrete support modified to include non-linearities according to displacement. This is used in the present case to model the sleeper void as explained later. Forces are generated for vertical and lateral degrees of freedom, and the pair of elements also restricts the roll rotation of the sleepers.
INTEGRATION WITH RAILWAY MBS DYNAMICS
The calculation process for the vehicle-track dynamic interaction was modified so that the wheel-rail contact algorithm can take into account the displacement of the rail due to the track flexibility for the calculation of the contact condition, and reciprocally apply the calculated forces onto the flexible track model. In essence, the rails are discretized into sections whose length corresponds to the sleeper spacing distance. Interface nodes are created at these locations and have to be used to calculate both the deformed shape of the rail and the force distribution onto the flexible track. Figure 4 shows the block diagram of the calculation process with the modified blocks consisting of:
(a) force and torque distribution onto adjacent rail nodes using a cubic shape function depending on the wheel position in between these two nodes; (b) flexible rail calculation also using a cubic shape function based on adjacent rail nodes vertical position and pitch angle;
(c) wheel-rail displacement and velocities (based on the previous calculation and its derivative, and taking into account any input rail irregularity).
The wheel-rail contact condition is calculated from the wheel and rail profiles shape using a semi-Hertzian law [19] . The contact is discretized into a series of small thin strips to take into account the geometrical nonlinearities within the contact patch, and a modified FASTSIM theory [20] is applied. This is the 'General' contact element available in the software VI-Rail.
FURTHER DISCUSSION ON THE MODEL
The flexible track is of a finite length and it is preceded and followed by rigid track sections. This allows the vehicle to enter the section of interest with the correct attitude in curving situations, i.e. correct wheelset yaw angle and lateral position with respect to track centre-line. The rail is usually pinned at both ends of the flexible section to minimize the unwanted peaks of forces at the transition. A minimum length of flexible track therefore needs to be modelled either side to allow for these forces to disappear and for which results can be discarded. The length can reasonably be estimated by using the characteristic length equation (1) and knowing that the distance at which the rail bending moment returns to zero is 1.25 π.L. This may range between 3 and 5 m depending on the rail pad and ballast stiffness. The total length of 
where k is the foundation coefficient in N/m per meter of track, E the Young modulus in Pa, and I the second moment of area about the horizontal axis of the rail in m 4 . Figure 5 shows an example in the time domain of the lateral force obtained at the leading axle, with the discrete flexible track model compared with the standard moving track model, for the case of a UK class 91 locomotive model (214 kN axle load) running at 180 km/h in a 1428 m radius curve with 160 mm cant elevation. The run also includes measured vertical and lateral rail irregularities. The lower-frequency content matches well between the two runs; however the addition of the discrete sleepers and rail flexibility introduces a higher-frequency oscillation that corresponds to the sleeper passing wavelength. This results locally in higher peaks of forces up to 33 per cent in the present case. Note that a typical run of 50 m would take a few seconds with the standard moving track model, up to 10 min with the FTSM using simplified linear wheel-rail contact (sufficient for tangent track) and overnight with nonlinear contact described earlier (required for curving situation).
APPLICATION: DEFINITION OF A STUDY ON HANGING SLEEPERS
The FTSM was used to study the impact of voided sleepers on the wheel-rail contact forces and on the track forces. The case study and results are presented here, and Fig. 6 shows a snapshot of the model of a class 91 electric locomotive model used on a short section of flexible track. It includes 50 sleepers with a spacing of 65 cm and several voided sleepers. 
Vehicle model
A model of a class 91 electric locomotive was used on tangent as well as curved track. Typical characteristics for the vehicle are given in Table 1 .
Definition of sleeper voids
According to the Network Rail Standard on Maintenance and Inspection of Permanent Way [21] , the number of ineffective sleepers shall be as specified in Table 2 , giving a maximum number of ineffective sleepers per 18 m of track ('number in length') with the maximum number of consecutive voided sleepers, i.e. otherwise separated by at least two sound sleepers ('number consecutive'). Different sequences of voided Figure 7 illustrates the three and the one voided sleeper configurations with a close-up view of the gap.
In the simulation, the sleeper gap is modelled as a non-linear function based on displacement, which is illustrated in Fig. 8 . As the sleeper is loaded and moves towards the ground, no force acts until a predefined gap is closed, and then a force that is proportional to displacement acts. The maintenance limit beyond which the track should not be allowed to deteriorate specifies a 7 mm gap between the sleeper and the ballast [21] . This value is used for all simulations and for all voided sleepers.
Simulation setup
Information used for the track model is given in Table 3 . Note that no irregularity of the rail vertical and lateral alignment was considered, with the exception of the voids defined above. Table 4 provides the matrix of the simulation runs that were performed for 
ANALYSIS OF RESULTS
General interpretation
On all simulated cases, the voided sleeper is not able to support the vehicle axle load and it does not transfer any force to the ballast layer. Instead the force is distributed on the adjacent sleepers around the voided one. Figure 9 illustrates this pattern by displaying force vectors that are proportional to the force magnitude, in the case where the axle load is above sleeper i. The general pattern emerging is that of the nominal static axle force, named Fn, increasing slightly on sleepers i + 2 and i − 2 and increasing more significantly on The other noticeable effect is speed dependent. As the speed increases, there is a more significant increase of the force on the sleeper that is situated just after the void, i + 1, rather than on the one situated before, i − 1. This can be explained by the inertia carried forward by the unsprung mass of the vehicle that tends to impact more heavily onto the rail after it has travelled over the voided sleeper.
Results on tangent track
Here the results obtained from the locomotive vehicle are analysed. The maximum increase in forces and stresses induced by the voids are given for:
(a) the wheel-rail contact normal force; (b) the rail pad force; (c) the sleeper to ballast interface force; (d) the rail horizontal bending stress.
All percentage increases are quoted as the ratio of the maximum force or stress predicted on the voided track, Fig. 9 Force distribution on voided track divided by the nominal value for normal track condition. The maximum value is typically obtained at sleeper i + 1 but all sleepers in the vicinity are also checked.
Wheel-rail contact forces
The percentage increase of wheel-rail contact force is shown in Fig. 10 (triangles) , together with the apparent trend (dashed line). The increase of normal force at the wheel-rail contact increases exponentially with speed with values varying between 10 per cent and 30 per cent. The ballast support stiffness has only a secondary effect with a small distribution about the trend line (there is a high correlation coefficient r 2 = 0.927). Note that the differentiation between the various stiffness cases is not highlighted in Fig. 10 . 
Track vertical forces
Simulation values are shown in Fig. 10 as hollow squares and diamonds, respectively, for ballast and pad forces. The percentage increase of forces on the pad and on the ballast is far more significant than at the wheel-rail contact and it is linearly increasing with speed. The values range here between 30 per cent and 60 per cent increase. As for the case of wheel-rail contact forces, the ballast support stiffness is not the most significant factor (correlation coefficient of 0.964 and 0.97, respectively, for the ballast and the pad forces). Figure 11 shows the trend in rail stresses (All stresses in the article are quoted for the end fibre on the rail surface: rail foot for vertical bending and foot edge for lateral bending.) according to the ballast support stiffness, presenting both values for normal track condition and for voided track. As can be expected, soft support stiffness leads to higher bending stresses that reduce as the support stiffness increases, because less deflection of the rail around the void is allowed. Note that all values predicted here remain below 100 MPa, which is well below the yield limit for rail steel; however a low support condition may affect the life of the rail especially in case defects are present in the rail such as corrosion pit for example. Figure 12 shows the percentage increase for all simulated cases. The percentage appears to increase with ballast support stiffness and it also increases with speed. Values range between 22 per cent and 42 per cent.
Rail stresses
Results on curved track
As observed for tangent track, the same reduction of force occurs above the voided sleepers leading to an increase on the adjacent sleepers. Because of the curving forces and the vehicle steering ability, the high rail (towards the outside of the curve) and the low rail (towards the inside of the curve) do not experience the same forces, and the various cant deficiencies and speed simulated give rise to different results. 
Wheel-rail contact forces
The wheel-rail normal contact pressure and derailment quotient (lateral by vertical force ratio) were monitored. The normal pressure increases as the wheel travels over the void and reaches the next sound sleeper. This increase is exacerbated on the high rail due to the cant deficiency and the uncompensated centrifugal forces. The percentage difference increases with speed up to a maximum of 13 per cent. The derailment ratio reaches a maximum value of 0.34 out of all the simulated cases. This is well below the Nadal limit of 1.2. The presence of voids only increases the ratio by a quantity ranging between 3 per cent and 8 per cent.
Vertical track forces
With the increasing speed and increasing cant deficiency and due to the non-compensated centrifugal forces, the high rail experiences a force increase while the low rail experiences a decrease. Introducing voided sleepers in these conditions give rise to increased forces that are of the same magnitude on both high and low rails, i.e. between 26 per cent and 67 per cent, respectively, for 550 m radius curve at 55 mph and 1200 m radius curve at 125 mph. The ballast forces also increase with speed and cant deficiency between 25 per cent and 59 per cent, and the largest curve shows the most susceptibility, as shown in Fig. 13 .
Lateral track forces
In the lateral direction, the same observations are made with increasing force and increasing percentage with speed and cant deficiency. The larger curve is also more sensitive to the increase of lateral forces. This is shown in Fig. 14. 
Rail stresses
The maximum vertical bending stresses are imposed onto the high rail as the cant deficiency and speed increases, because of the weight shift onto the high rail. The magnitude of the predicted stresses is very Lateral bending stresses within the rail are not as straight forward to interpret because they are governed by the complex behaviour of the vehicle model suspensions and the resulting wheel-rail contact condition. However some trends are noticeable from the magnitude of the maximum stresses plotted in Fig. 15. 1. Stresses increase with increasing cant deficiency. 2. At around 100 mm cant deficiency, stresses in both high and low rails are very similar and consistent for all simulated curves, i.e. just below 80 MPa. 3. Above 100 mm cant deficiency, the stresses on the high rail become higher than on the low rail and the smaller radius curves, i.e. 550 and 800 m, return the highest stresses.
The percentage increases because of the sleeper voids are plotted in Fig. 16 . Trends are difficult to extract from this plot because the percentage increases are highly variable, i.e. between 11 per cent and 66 per cent. However it seems that towards the higher cant deficiencies the low rail sees a larger increase than the high rail for a specific curve radius (although the magnitude remains lower as shown in Fig. 15 ).
1. For the high rail on the 550 m radius curve, the percentage difference increases with cant deficiency (from 11 per cent to 39 per cent). 2. For the high rail on the 800 m radius curve, the percentage difference remains more or less constant (around +40 per cent). 3. For the high rail on the 1200 m radius curve, the percentage difference reaches a peak at 100 mm cant deficiency (57 per cent).
This shows that the percentage increase in lateral rail bending stress depends greatly on the curve radius considered.
CONCLUSION
An FTSM has been developed within one commercial railway multi-body dynamics software. It allows the detailed modelling of a ballasted track to be achieved by considering the flexibility of the rails, the individual rail pad supports, individual sleepers, and their local ballast support. The vehicle-track dynamic interaction can thus be simulated to predict the effect of track defects such as sleeper voids on the forces generated at the wheel-rail contact and within the track structure. This article presents the application of the vehicletrack model to the analysis of the wheel-rail contact and track forces in the presence of hanging sleepers modelled with reference to the UK Railway Group Standard limit for maintenance. A locomotive model running from mid to high speeds is used on tangent track and in various curving situations to investigate the effect of curve radii and cant deficiencies in the presence of voided sleepers. The main conclusions are as follows.
Contact forces
The selected simulation conditions showed that the increase of contact forces can be of the order of 10-30 per cent for mid to high speeds, in the presence of voided sleepers such as those described within the Railway Group Standard limit for maintenance. This is in agreement with the necessity of imposing speed restriction once these limits are exceeded, in order to maintain the damaging track forces within a reasonable level.
Track forces
The effect of sleeper voids was proved to have a far more significant effect on the forces imposed on the track components than on the wheel-rail contact. The increase of forces and stresses experienced by rail pads and by the ballast is similar. For the vehicle running from mid to high speeds, the dominant factor is the velocity and under the conditions simulated here, the increase is of the order of 30-60 per cent.
Rail stresses
Sleeper voids also tend to increase the stresses experienced by the rail in the vicinity of the void. The maximum increase is observed for the higher speeds (nearing 40 per cent). Although stiffer track support conditions give rise to higher stress increases, they are also responsible for a lower global deformation of the rail and therefore lower stress levels. Overall the predicted increase, although high, does not reach a level that may be considered close to the yield strength of the material. However the life of the rail may be significantly affected in the presence of a voided sleeper especially if internal defects are also present in the rail.
Curving situations
The presence of voided sleepers in curves means that in the vertical direction, there is an imbalance between the high and the low rail, and in the lateral direction, higher forces are generated. The voids increase the forces on the track and therefore the levels of bending stresses in the rail. The increase of track forces in the lateral direction is significant and it further increases with the cant deficiency to a maximum of 60-75 per cent, depending on the curve radius. This higher level of forces on the ballast results in increased local stresses on the ballast underneath the sleepers around the voided one. This may lead to further sleepers becoming voided as well as to weak resistance of the track to lateral shift.
FURTHER DISCUSSION
From the results presented in this article and particularly the increased forces predicted on the track and plotted in Fig. 10 , it can be noticed that a defect present in the track lead to an increase in forces that is far more important on the track components, i.e. rail pads and ballast, than on the wheel rail contact. This highlights the necessity of having detailed track models in order to carry out track damage analyses, and shows that using simplified track models to predict wheel-rail contact forces and using them as input to third-party track damage models may lead to under-estimate the damage made by these forces.
FUTURE DEVELOPMENT
The analyses presented in this article may benefit from further improvement to the modelling methods used to improve the simulation speed and increase the number of parameters investigated, e.g. axle loads, speeds, curve types, etc, leading to a more comprehensive analysis. Additionally, the results may be influenced by the addition of a flexible wheelset, which would require extensive development of the model at this stage and is planned as future research work. If rail stresses are to be considered in more detail, other stresses such as residual, temperature, and contact stresses would need to be included.
